Abstract. The space of polyharmonic Maass forms was introduced by Lagarias-Rhoades, recently. They constructed its basis from the Taylor coefficients of the real analytic Eisenstein series. In this paper, we introduce polyharmonic weak Maass forms, that is, we relax the moderate growth condition at cusp, and we construct a basis as a generalization of LagariasRhoades' works. As a corollary, we can obtain a preimage of an arbitrary polyharmonic weak Maass form under the ξ-operator.
Introduction
We begin by discussing Kronecker's first limit formula. The Riemann zeta function ζ(s) := ∞ n=1 n −s has a simple pole at s = 1, and the following Laurent expansion is known. for s ∈ C with Re(s) > 1 and a modular variable z = x + iy in the upper half plane H. It is a non-holomorphic modular form of weight 0 on SL 2 (Z), and meromorphically continued to the whole s-plane. Then this Eisenstein series has the Laurent expansion of the form
where, for q := e 2πiz , η(z) := q (1 − q n ) is the Dedekind eta function. This is so-called Kronecker's first limit formula. This limit formula has been extensively studied since a long time ago, and a lot of proofs are known, Kroneker's own and Shintani [25] using the Barnes double Gamma function, and many others. Further results on Kronecker's first limit formula are reviewed in [11] . On the other hand, Lagarias-Rhoades [18] considered the higher Laurent coefficients of E(z, s) from the viewpoint of harmonic Maass forms. In fact, E(z, s) is an eigenfunction of the hyperbolic Laplacian ∆ 0 := −y 2 ∂ 2 ∂x 2 + Then they showed that the r-th Laurent coefficient F r (z) in the form E(z, s) = A harmonic Maass form of even weight k ∈ 2Z on SL 2 (Z) is a smooth function f on H satisfying the following conditions.
(1) For any γ = [ a b c d ] ∈ SL 2 (Z),
(2) f is annihilated by the weight k hyperbolic Laplacian
(3) There exists an α ∈ R such that f (x + iy) = O(y α ) as y → ∞, uniformly in x ∈ R. The space 1 of all such forms is denoted by H k . Relaxing the condition (3) to f (x+iy) = O(e αy ), we denote by H ! k . In addition, we relax the condition (2) to ∆ r k f = 0 for r ∈ Z ≥1 , then we denote by H r k and H r,! k , respectively, and we call a function f ∈ H r k (resp. H r,! k ) a polyharmonic (weak) Maass form of weight k and depth r (see [3] , [18] ). In particular we see that H 1 k = H k and H 1,! k = H ! k . We next consider the real analytic Eisenstein series of weight k ∈ 2Z defined by E k (z, s) := (m,n)∈Z 2 \(0,0) y s (mz + n) k |mz + n| 2s , and its double completion
(As a remark, this doubly completed Eisenstein series E 0 (z, s) coincides F z (s) in Brown-Omar [5] ). Then we also have the equation ∆ k E k (z, s) = s(1 − k − s) E k (z, s). We define the Taylor coefficients of E k (z, s) by
1 This definition of harmonic Maass forms adopted in Lagarias-Rhoades [18] is not the standard one. For example in Bringmann-Diamantis-Raum [4] , a harmonic Maass form might have exponentially growing terms at the cusp.
then the following theorem was established.
Theorem 1.1.
[18] Let r ≥ 1 be an integer, and k ∈ 2Z an even integer. Then (1) For an even integer k ≤ 0, {F k,0 (z), . . . , F k,r−1 (z)} is a basis for H r k . (2) For k = 2, {G 2,1 (z), . . . , G 2,r (z)} is a basis for H r 2 . (3) For an even integer k ≥ 4, it holds that H r k = E r k + S k , where E r k is spanned by {G k,0 (z), . . . G k,r−1 (z)} and S k consists of cusp forms on SL 2 (Z).
Remark. The first few coefficients are given by
where σ 1 (n) is the sum of divisors of n, and E k (z) is the usual Eisenstein series of weight k, whose constant term is equal to 1.
Moreover we define polyharmonic Maass forms with half-integral depth. Let ξ k be the Maass type differential operator defined by
This operator was introduced by Bruinier-Funke [6] . The important point is that this operator sends harmonic Maass forms of weight k to holomorphic modular forms of weight 2 − k, and
Then for an integer r ≥ 1, a polyharmonic Maass form f (z) of depth r −1/2 is characterized by (1) modularity, (3) moderate growth condition at the cusp, and (2)'
k f (z) = 0. Lagarias-Rhoades [18] obtained the recursion formulas among the above Taylor coefficients F k,r (z) and G k,r (z) as follows.
Hence we can refine Theorem 1.1.
Theorem 1.2. [18]
Let r ≥ 1 be an integer, and k ∈ 2Z an even integer. Then
where E r k is spanned by {G k,0 (z), . . . G k,r−1 (z)} and S k consists of cusp forms on SL 2 (Z).
By the above recursion formulas (1.1), for example we obtain the following "Maass sequence",
In other words, we can construct preimages of the Eisenstein series under the ξ-operator.
On the other hand as for the discriminant function ∆(z), Ono [22] constructed its preimage R ∆ (z) satisfying ξ −10 R ∆ (z) = ∆(z) up to a constant multiple. However it has an exponentially growing term, that is,
In order to construct a preimage of any polyharmonic Maass forms (of course, including holomorphic cusp forms) under the ξ-operator, it is necessary to generalize Theorem 1.2 and the formulas (1.1) for the whole of polyharmonic weak Maass forms.
For the purpose of constructing polyharmonic weak Maass forms, we consider the MaassPoincaré series. Let Γ = SL 2 (Z), and Γ ∞ the stabilizer of ∞ in Γ. For k ∈ 2Z and m ∈ Z =0 , we define the Maass-Poincaré series by 
, and it has the following Taylor expansion form
If k = 0 or 2, this series needs the analytic continuation to s = 1. Then these Taylor coefficients F k,m,r (z) and G k,m,r (z) are polyharmonic weak Maass forms of weight k and depth r + 1 in a similar manner, and satisfy the following recursion formulas. Theorem 1.3. Let k ∈ 2Z, m = 0, and r ≥ 0 be integers. For the Taylor coefficients F k,m,r (z) and G k,m,r (z), they hold that
Here we put F k,m,r (z) = G k,m,r (z) = 0 for any r < 0.
By Theorem 1.3, for example we obtain the following "Maass sequences".
Here we use the fact that G 2,m,0 (z) with m > 0 is equal to 0. Furthermore we have the following theorem as an extension of Theorem 1.2.
Theorem 1.4. Let r ≥ 1 be an integer. For an even integer k ∈ 2Z, we define an integer ℓ k by k = 12ℓ k + k ′ where k ′ ∈ {0, 4, 6, 8, 10, 14}. For each integer m ≥ −ℓ k , the unique weakly holomorphic modular form of the form
In addition, we put
Remark. It is known that G 12,1,0 (z) is equal to the discriminant function ∆(z) up to a constant multiple, and F 0,−1,0 (z) = j(z) − 720, the elliptic modular j-function whose constant term is equal to 24. The functions f k,m (z) in Theorem 1.4 are called the Duke-Jenkins basis, (for more details, see Section 4).
Remark. In the special case of r = 1 and k = 2, a basis for H 1,! 2 was constructed by DukeImamoḡlu-Tóth [10] . More recently, for general k ∈ Other studies on polyharmonic Maass forms are given by Bruinier-Funke-Imamoḡlu [7] and Ahlgren-Andersen-Samart [2] . Section 2 consists of basic properties of Whittaker functions and known results on polyharmonic Maass forms. In this section, we give the Fourier-Whittaker expansion of polyharmonic weak Maass forms. In Section 3, we review the Maass-Poincaré series based on Duke-Imamoḡlu-Tóth [10] . For the special case of depth 1/2, that is, weakly holomorphic modular forms, Duke-Jenkins [12] constructed a basis for the space of such forms. We recall their results in Section 4, and reveal the connection between their basis f k,m (z) and our polyharmonic weak Maass forms F k,m,r (z) and G k,m,r (z). After that, in Section 5 and 6, we give proofs of Theorem 1.3 and 1.4, respectively. Finally in Section 7, we show some examples of known polyharmonic weak Maass forms.
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Polyharmonic weak Maass forms and Whittaker functions
In this section, we review the basic definitions and properties of Whittaker functions, and give the Fourier-Whittaker expansion of polyharmonic weak Maass forms.
2.1. The Whittaker differential equation. For given parameters µ, ν ∈ C, the Whittaker differential equation [13, (9. 220)], [19, (7 
The standard solutions to this differential equation are given the Whittaker functions M µ,ν (z) and W µ,ν (z). For parameters µ, ν with Re(ν ± µ + 1/2) > 0 and y > 0, these Whittaker functions have integral representations [19, (7.4 .1), (7.4.2)];
Then from these integral representations, we can obtain their asymptotic behaviors as y → ∞ (see [10] , [19, (7.6 .1)]);
However since the Wronskian between M µ,ν (z) and W µ,ν (z) is given by [19, (7 
, M µ,ν (z) and W µ,ν (z) are linearly dependent if the right-hand side vanishes. On the other hand, the function W −µ,ν (ze πi ) is also a solution of (2.1), and the Wronskian is given by [19, (7 
Then we can take W µ,ν (z) and W −µ,ν (ze πi ) as linearly independent solutions to (2.1). According to the paper [3] , we put M + µ,ν (z) := W −µ,ν (ze πi ). By [13, (9. 233)], we see
for 2ν ∈ Z <0 and y > 0.
2.2.
The Fourier-Whittaker expansion. As we mentioned in Section 1, a polyharmonic weak Maass form f of weight k ∈ 2Z and depth r ∈ Z ≥1 is defined by the following conditions,
(2) f (z) is smooth, and satisfies
We now explain the Fourier-Whittaker expansion of f (z) ∈ H r,! k . The key point is that the operator ∂ ∂s commutes with ∆ k . In order to obtain our goal, we recall the functions u
for n ∈ Z =0 , and for n = 0 we put
These functions are the special cases u
[j],± k,n (y; 0) of the functions introduced in [3, (3.4) , (3.5)]. As a remark, it is known that [10, (2.11), (2.12)], [19, (7.2.4 
is linearly independent for each integer r. Then by the conditions (1) and (2), a polyharmonic weak Maass form has the following Fourier-Whittaker expansion form. 
Thus we obtain the most important property, if f (z) is a modular form of weight k, then ξ k f is of weight 2−k. Moreover, ξ k f = 0 if and only if f is holomorphic. Since a harmonic Maass form is characterized by
Here we denote by M ! k the space of weakly holomorphic modular forms of weight k.
For general H r,! k terms, we show the following Lemma.
Lemma 2.2. Under the above notations, we have
where we put u
[j],± k,n (y) = 0 for any j < 0.
Proof. By the commutativity ξ k
For n > 0,
By the formula [19, (7.2.1)],
that is, we obtain
For the case of n < 0,
By using [19, (7 
similarly we have
If n < 0, we have
For the case of u
[j],+ k,n (y), we can calculate them by using
For the remaining cases, we can get them by direct calculations.
Combining Proposition 2.1 and Lemma 2.2, we obtain
Proposition 2.3. The ξ k operator sends polyharmonic weak Maass forms to polyharmonic weak Maass forms, that is,
In particular for a function f ∈ H Remark. For the proof of this proposition, the ξ-operator is applied to the infinite FourierWhittaker expansion of Proposition 2.1. This is guaranteed as follows. We consider the Fourier expansion of the form f (z) = n∈Z a(n, y)e 2πinx . Since a polyharmonic weak Maass form f (z) is smooth, by the general theory of Fourier expansion, its termwise derivatives in x is valid. As for its termwise derivatives in y, by the definition of the Fourier coefficients, we have 
Maass-Poincaré series
In this section, we consider the Maass-Poincaré series as a generalization of Niebur's Poincaré series [21] , and compute its Taylor expansion with respect to s. Let Γ = SL 2 (Z). For an even integer k and nonzero integer m, let
and define the corresponding Poincaré series
This series converges for Re(s) > 1. We call P k,m (z, s) the Maass-Poincaré series of weight k and index m. 
Applying these formulas to ξ k φ k,m (z, s), then we have
From (2.4) and Lemma 3.1, for a nonzero integer m, we see that
we immediately obtain harmonic forms. In the cases of k = 0 and 2, Duke-Imamoḡlu-Tóth [10] gave the analytic continuation for P k,m (z, s) to s = 1. Thus we can include the cases of k = 0, 2.
Remark. For the real analytic Eisenstein series E k (z, s), they hold that
By using Kohnen's approach [17] , we can compute the Fourier expansion of P k,m (z, s) expressed in terms of the Kloosterman sums and Bessel functions. Further details are explained in [14, Section 3] .
Proposition 3.2. (This form is found in [10, Proposition 2]).
For an even integer k and a nonzero integer m, the Maass-Poincaré series P k,m (z, s) has the following Fourier expansion form.
We describe these basis functions f k,m (z) in terms of our functions F k,m,r (z) and G k,m,r (z).
Combining the Fourier expansion form in Proposition 3.2 and (2.3), we have
For a nonzero integer m, the Taylor coefficients F k,m,r (z) and G k,m,r (z) are given by
As remarks, first for k = 0, 2, this Fourier expansion form gives the analytic continuation of P k,m (z, s) to s = 1, that is, its termwise derivatives in s is valid, (see [10, Section 3.2]). Secondary, for a nonzero integer m, this Poincaré series P k,m (z, s) has no pole at s = k/2 for k ≥ 2, and s = 1 − k/2 for k ≤ 0. Then we have the Fourier-Whittaker expansion forms of F k,m,r (z) and G k,m,r (z),
and r!(−4π)
where we use the property
By these FourierWhittaker expansion forms, we see that
. In particular, since G k,m,r (z) satisfies the conditions for (2.5), G k,m,r (z) has a half-integral depth r + 1/2.
Let k ≤ 0 and m > 0. By (4.2), we immediately see that
Comparing with Duke-Jenkins basis f k,m (z) = q −m + n>ℓ k a k (m, n)q n , for k < 0 and m ≥ −ℓ k > 0, we see that
is a harmonic function and bounded on the upper half plane H. Thus this difference is a constant, that is, equal to 0. For k = 0 and m > −ℓ 0 = 0, similarly we have
By Ramanujan [23] it is known that
Then it holds that f 0,m (z) = F 0,−m,0 (z) − 24σ 1 (m). In addition, f 0,0 (z) = F 0,0,0 (z) = 1.
As for k ≥ 2, it is known that the functions G k,m,0 (z) with m > 0 span the space S k of holomorphic cusp forms. More precisely, Rhoades [24] showed the following theorem. Here this theorem looks different from [24, Theorem 1.21] , because his definition of the Poincaré series and ours are slightly different. By this theorem and the relation ℓ 2−k = −1−ℓ k , we see that {G k,m,0 (z) | 0 < m ≤ ℓ k } is a basis for S k . As for k ≥ 2 and −m < 0,
Canceling out the pole at the cusp, we have that
is a holomorphic cusp form for weight k > 2. For k = 2 and m > 0, since f 2,m (z) = q −m + ∞ n=0 a 2 (m, n)q n holds, the function (4.5) is a holomorphic modular form with the constant term a 2 (m, 0). By f 0,0 (z) = 1 and the duality (4.1), we see a 2 (m, 0) = −a 0 (0, m) = 0. Then (4.5) for k = 2 is also a holomorphic cusp form. Finally, for k > 2 and m = 0 we see that
is a holomorphic cusp form. In conclusion, we obtain the following proposition.
Proposition 4.2. For an even integer k ∈ 2Z, we define an integer ℓ k by k = 12ℓ k + k ′ where k ′ ∈ {0, 4, 6, 8, 10, 14}. For each integer m ≥ −ℓ k , the unique weakly holomorphic modular form f k,m (z) = q −m + n>ℓ k a k (m, n)q n is expressed in terms of the functions F k,m,0 (z), G k,m,0 (z) as follows.
(1) For k ≤ −2, 
(c) For m < 0, f k,m (z) is a holomorphic cusp form.
For all k ∈ 2Z, the set {f k,m (z) | m ≥ −ℓ k } is a basis for M ! k .
Proof of Theorem 1.3
We consider the Taylor expansion form of P k,m (z, s) again,
Let k ≤ 0, we have
On the other hand, by (3.1),
Term by term comparison in s +
Let k ≥ 2, we have
Similarly,
Then we have
6. Proof of Theorem 1.4
By the Fourier-Whittaker expansion form of F k,m,r (z) and G k,m,r (z) in Section 4, it can be easily checked that, in the description of Proposition 2.1, the Fourier-Whittaker coefficients of u
For the case of k ≥ 2 and m > 0, since Γ(2s)/Γ(s − sgn(m)k/2) has a simple zero at s = k/2, we have
Thus for an even integer k ≤ 0 and an arbitrary f (z) ∈ H r,! k , canceling out all exponentially growing terms u
where S ⊂ Z is a finite subset and a k,m,j ∈ C. By Theorem 1.1, the set {F k,m,r−1 (z) | m ∈ Z} is a generating set of H 
The result (6.1) is a weakly holomorphic modular form of weight 2−k, and by assumption it is equal to 0. By Proposition 4.2, we can see that the set
On the other hand, for m < −ℓ 2−k , there exists a finite subset S ⊂ Z ≥−ℓ 2−k and a k,n,r−1 ∈ C such that
. Since it holds that ℓ 2−k = −1 − ℓ k , we obtain Theorem 1. 4 (1-a) . By the same calculation as (6.1) and Proposition 4.2, . By these properties, we obtain Theorem 1.4 (1-b).
As for the case of k ≥ 2, we see that the set {G k,m,r (z) | m ∈ Z} is a generating set of H 
Examples
In this last section, we follow the expositions of some examples of the functions F k,m,r (z), G k,m,r (z) related to the previous works by [10] , [15] , and [22] .
(1) In the cases of k = 12 and −10. Ono [22] c m (n)q n .
Moreover they showed that the space H 
